For μ ∈ C, ϕ a starlike univalent function, the class of functions f that are spiral-like with respect to a boundary point satisfying the subordination
Introduction and motivation
This was partially proved in [] . It was only in  that the characterization was validated by Lyzzaik [] . Todorov Definition . A simply connected domain ⊂ C,  ∈ ∂ , is called a spiral-shaped domain with respect to a boundary point if there is a number μ ∈ C with Re μ >  such that, for any point ω ∈ , the curve e -tμ ω, t ≥ , is contained in .
It was also showed in [] (see also [] ) that each spiral-like function with respect to a boundary point is a complex power of starlike function with respect to a boundary point. In particular, if μ ∈ R in Definition ., then is called a star-shaped domain with respect to a boundary point. The following was proved in the same. 
Conversely, if f is a univalent function with f () =  and f () =  satisfies (.) for some μ ∈ , then f is a spiral-like function with respect to a boundary point.
Elin
[] then considered the class of spiral-like functions of order β ( < β ≤ ) with respect to a boundary point and obtained interesting results including the distortion and covering theorems.
On the other hand, Ma and Minda [] gave a unified presentation of the class starlike using the method of subordination. For two functions h and g in A, the function h is subordinate to g, written
if there exists a function w ∈ A, with w() =  and |w(z) 
Ma and Minda [] introduced the class
holds.
The class S * b (μ, ϕ) defined by subordination is investigated to obtain representation, estimates for f and f and subordination conditions. We obtained some interesting result in a wider context and our approach is mainly based on [].
Representation for the class S
The following result provides an integral representation of functions belonging to the class S * b (μ, ϕ).
and integrating from  to z, it follows that
An exponentiation gives
The desired result follows from this. The converse follows easily.
Estimates for f and f in the class
Since f is univalent and f () := lim r→ -f (r) = , it is clear that f (z) =  in D. Therefore, the function h is well defined and analytic in D. A computation shows that
Hence we have the relation f ∈ S 
Using this inequality for h in (.) gives 
for B = ,
In particular, for  = μ ∈ R, the inequality reduces to the following inequality []:
Proof For a function h ∈ S * (ϕ), in the paper [, Corollary  ] it is shown that
The result then follows easily as the relation (.) holds.
. Also, let
Theorem . Let ϕ(z)
and
When (.) holds, the above subordination indicates that
This shows that
Combining (.) and (.), the desired results follows.
We have the following corollaries as (.) holds.
and 
Necessary and sufficient condition
Proof Ruscheweyh [, Theorem ] showed that for ϕ a convex univalent function, F as in the hypothesis and h ∈ A
if and only if for all |s| ≤ , |t| ≤ ,
From the relation (.), we know that f ∈ S * b (μ, ϕ) if and only if h ∈ S * (ϕ). Substituting
and hence the desired result follows.
The following corollaries hold for ϕ(z) = 
Let  ≤ β < , A =  -β and B = - in Corollary . and hence we have the result.
. Theorem . as well as Corollaries . and . below are respectively special cases of Theorem . and Corollaries . and . when s =  and t = . However, we prove the below without the convexity assumption on ϕ.
Therefore by [, Theorem  ]
Let h(z) be defined as in (.) and hence we arrive at the desired conclusion. http://www.journalofinequalitiesandapplications.com/content/2013/1/274
When  ≤ β < , A =  -β and B = -, the above corollary reduces to the following result.
In particular, when μ = , (.) becomes
We denote the class satisfying the above subordination as S
where
, z ∈ D. http://www.journalofinequalitiesandapplications.com/content/2013/1/274
Then a computation shows that
or there is an analytic function
we see that Remark . All the results for the special case when μ =  or the class starlike with respect to a boundary point defined by subordination were presented at the th International Symposium on GFTA, - August , Ohrid, Republic of Macedonia and thereafter published as [] .
